This work investigates the role of double row angular contact ball bearings as a vibration transmitter in shaft-bearing assemblies. In our analyses the double row bearings are represented as five dimensional stiffness elements (with associated damping) through an extension of the stiffness matrix concept described by Lim and Singh (1989) for single row bearings to double row angular contact ball bearings. In particular, the effects of bearing preloads on dynamic characteristics of double row angular contact ball bearings are first numerically explored. The dynamic responses of face-toface, back-to-back and tandem arrangements are evaluated on a comparative basis under various preloads. The nature and extent of preloads significantly affect the vibration characteristics of the bearing assembly due to major changes in the diagonal and off-diagonal elements of the stiffness matrix, and these effects vary for alternate configurations. The dynamic effects of bearing preloads are then experimentally investigated for a wheel bearing assembly containing double row angular contact ball bearings (with back-to-back arrangement) under two different preloading mechanisms. Experiments show that the mechanism and amount of bearing preloads significantly affect the system natural frequencies, mode shapes and vibration amplitudes, thus altering the vibration behavior of the bearing assembly. Suggestions for further work and applications will be briefly mentioned.
INTRODUCTION
Literature on double row angular contact ball bearings is sparse though they are widely used in industrial, automotive and aircraft applications such as in gear boxes, wheel hubs, machine tool spindles, industrial pumps and air compressors due to their ease of maintenance, ability to carry bidirectional loads and relatively low cost compared to other double row bearings. Thus the main goal of this paper is to investigate double row angular contact ball bearings as a vibration transmitter and explore the effects of preloads on the dynamics of such shaft-bearing systems. Fig. 1 shows three double row angular contact ball bearing configurations: (i) Back-to-back (DB) or 'O' arrangement ( Fig. 1a) in which the load lines (lines passing through the contact point of the rolling elements) meet outside of the bearing; (ii) face-to-face (DF) or 'X' arrangement ( Fig. 1b) where the load lines converge toward the bore of the bearing; (iii) tandem (DT) or series arrangement (Fig. 1c) where the load lines act in parallel so they never meet each other as opposed to the other two arrangements. In this paper, the vibratory characteristics of these three arrangements will be briefly evaluated on a comparative basis under various preloads considering alternate damping mechanisms. Results from an experiment are also described. 
LITERATURE REVIEW

Preload Issues
The effects of bearing preloads on the performance of shaft-bearing systems and their dynamic characteristics have been studied by several authors [1] [2] [3] . Akturk et al. [4] used a three-degree-of-freedom model to study the effects of bearing preload and number of rolling elements on vibration characteristics of an angular contact ball bearing. They observed a reduction in the vibration amplitudes associated with the ball passage frequency with increasing axial preload. Alfares and Elsharkawy [5] made similar observations using a five-degrees-of-freedom model. They also presented a reduction in peak-to-peak amplitudes (in time domain) with increasing preload. Bai et al. [6] used the same five-degree-offreedom model to observe the nonlinear dynamic characteristics of a rolling element bearing. They showed that unstable periodic solution of a balanced rotor bearing system can be avoided with a sufficient axial preload.
Bearing Stiffness
Although Jones [7] did not define a bearing stiffness matrix, his load-deflection formulations for ball and roller type bearings under static loading conditions could be used to define a fully populated stiffness matrix for single row bearings. Lim and Singh [8] developed a five dimensional, symmetric bearing stiffness matrix (which is in fact a six dimensional matrix with last column and row being all zeros corresponding to the torsional motions) for a single row spherical contact ball-type and cylindrical contact roller-type bearings. The main advantage of Lim and Singh's stiffness model [8] over the previous models was the introduction of flexural and out-ofplane type motions which provided a better understanding of vibration transmission through rolling element bearings. Lim and Singh showed the validity of their model in their series of papers [8] [9] [10] [11] [12] through parametric studies and comparisons with previous analytical and experimental results [13] [14] . Cermelj and Boltezar [15] used this stiffness model to further investigate the dynamics of a structure containing ball bearings. Lim and Singh's model has also been utilized by Royston and Basdogan [16] to study the vibration transmission through selfaligning (spherical) bearings where they proposed a stiffness matrix for double row self-aligning bearings. As the moment stiffness of self-aligning bearings are negligible, Royston and Basdogan [16] did not consider the effects angular displacements and tilting moments which normally brings the most of the complexity to systems with multiple row bearings. Thus, their three dimensional stiffness matrix was, in fact, a simplified version of Lim and Singh's five dimensional model [8] , where the last two rows and columns of moment stiffness terms are neglected, but three dimensional translational motions of each rolling element of both rows are included.
Double Row Bearings
Although single row bearings have been well and extensively studied, publications specific to double row bearings are sparse. Bercea et al. [17] formulated the relative displacement between the bearing rings (also termed as the 'ring approach') for various double row bearing types such as tapered, spherical, cylindrical roller and angular contact ball bearings. Their study was limited to a formulation of bearing deflections and did not include any stiffness formulation or dynamic analysis. Then Nelias and Bercea [18] used their double row tapered rolling bearing model for case studies. Cao and Xiao [19] developed a dynamic model for double row spherical roller bearings based on energy principles. Later Cao [20] improved this model by including the effects of rotational motions and shaft misalignments. Choi and Yoon [21] proposed a method for determining the discrete design variables of an automotive wheel assembly that contained a double row angular contact ball bearing.
DYNAMIC MODEL
Bearing Stiffness Model
Our literature survey did not yield any study that analyzes the effects of bearing preloads on the dynamics of shaft-bearing systems with double row angular contact ball bearings. This study fills this gap while presenting new computational and experimental results to provide a better understanding of the preload effects on shaft-bearing dynamics.
In this study, the double row bearings are represented as five dimensional stiffness elements with associated damping through an extension of the stiffness matrix concept described by Lim and Singh [8] for single row bearings to double row angular contact ball bearings. In this model, the outer ring is assumed to be fixed in the space and the inner ring is displaced under loads. (1) 
Lumped Parameter Model
Since our main purpose is to investigate the effects of bearing preloads on the bearing stiffness matrix elements and consequent effects on vibration transmitter characteristics of double row angular contact ball bearings, we will neglect shaft and casing compliances in our numerical analyses. This facilitates the creation of a simple, five dimensional lumped parameter model as shown in Fig. 4 
K is given by Eq. (1). The damping matrix, however, can not be easily predicted due to unknown damping characteristics of rolling element bearings [9] . The damping for rolling element bearings must be found from experimental results. For a nonproportionally damped MDOF system Eq. (2) can be rewritten by defining a state vector ( ) ( ( ), ( )) 
Re( ) (9) Re( ) Im( ) r r r r λ ζ λ λ = +
Transfer Functions
After constructing the dynamic model, the transfer functions of the vibratory system can be calculated. Evaluating the vibration characteristics of a system with transfer functions is convenient, especially in experimental modal analysis as the accelerance spectra can be easily measured using an impulse hammer test.
The accelerance matrix (ω ) A can be expressed in the form of system matrices as: 
ILLUSTRATIVE EXAMPLE
Consider a shaft-bearing assembly with a commercial double row angular contact ball bearing whose properties are given in Tab. 1. These properties are either given by the manufacturer or determined by kinematics with the exception of Hertzian stiffness constant which is calculated by an empirical relation [1] . All three bearing configurations (face-toface, back-to-back and tandem) are considered and the bearing is assumed to be connected to the ground. Thus, the shaftbearing system can be represented by the lumped parameter model shown in Fig. 4 assuming rigid shaft which has a mass of . Here we will assume that the cross-coupling inertia terms of the shaft are negligible ( xy I = yx I = 0 ) that results in a diagonal mass matrix.
As far as the viscous damping matrix is concerned a diagonal matrix is initially employed based on experimental In this numerical example we will demonstrate the effects of axial preloads although other loading scenarios could be easily applied. In the absence of any external radial or moment loads on the bearing the only significant off-diagonal terms of the bearing stiffness matrix are 
causes an overlap in relevant system modes for a pure axial loading. For our particular example, the first and the second (radial) modes, and the fourth and the fifth (tilting) modes are identical to each other. The third mode that corresponds to axial translational vibrations is a unique mode and uncoupled from all other modes because all the z-axis related off-diagonal terms are negligible when there is no radial or moment loads on the bearing. The natural frequencies of the shaft-bearing system with respect to axial preload are illustrated in Fig. 5(a-c) for face-toface, back-to-back and tandem arrangements respectively. An increase in the axial preload from 1 kN to 20 kN, affects the diagonal and off-diagonal terms of the stiffness matrix and increases the system natural frequencies for all arrangements as can be seen from the figure. However these values show considerable variations among the three arrangements. For example, the first overlapped mode of face-to-face arrangement occur at a very low frequency that it does not even have a real value until the axial preload is increased to 3 kN. Above 3 kN, this mode still remains at a low frequency regime (between 1-200 Hz), whereas the same mode occurs between 700-900 Hz for back-to-back arrangement. This mode for tandem arrangement occurs between those of the other two arrangements in 400-600 Hz range. This result could be explained by the fact that back-to-back arrangement, which is designed to carry heavier moment loads, have higher moment stiffness terms ( are the same for face-to-face and back-to-back arrangements under a pure axial load. Conversely, the face-to-face arrangement, which is designed to provide a better compensation for shaft misalignments (which are closer to selfaligning bearings in this sense) have much lower tilting stiffness coefficients due to the shortness of its effective load center. This lowness of the tilting stiffness coefficients causes the resonances to occur at much lower frequencies. The axial vibration mode (the third mode), however, occurs at the exact same frequencies for face-to-face and back-to-back arrangements (which is ranging from 900 to 1400 Hz with increasing preload) as they show the same vibration behavior in axial direction. This is because their axial stiffness coefficients or moment loads. However, if the rolling elements are arranged in tandem configuration, this axial mode occurs at a higher natural frequency (between 1100-1800 Hz) due to the high axial rigidity of tandem configuration (of course we assume the tandem arrangement is loaded in the direction it can carry). Observation of the system transfer functions at selected preloads could give us more information on the vibration characteristics of shaft-bearing system. Thus the radial accelerance magnitude spectra ( ) ) ( xx ω A is plotted for five different axial preloads (1, 5, 10, 15, 20 kN) in Fig. 6(a-c) for face-to-face, back-to-back and tandem arrangements respectively. The plots clearly illustrate the shift of resonance frequencies towards right with increasing axial preloads. Again, one can observe that the back-to-back arrangement has the highest resonance frequencies followed by tandem and face-toface configurations respectively. If the vibration amplitudes are to be sorted from maximum to minimum, the same exact order of bearing configurations applies (which is especially clear for the first overlapped mode). It is also apparent that these peak amplitudes are growing with increasing axial preload when a constant non-proportional damping matrix described by Eq. (12) is selected. Since the axial vibration mode (the third mode) is uncoupled from other modes of vibration, its resonant peak cannot be seen in the radial accelerance spectra. In order to observe this mode, the axial accelerance magnitude spectra ( ) Fig. 7(a-c) . As expected, face-to-face and back-to-back arrangements have an identical spectrum, whereas this mode occurs at a higher frequency with higher amplitudes for tandem configuration. The vibration amplitudes are still increasing with an increase in axial preload. Now, let us consider a case where the damping matrix is proportional to the stiffness matrix with a proportionality constant σ as given in Eq. (13), hence, it is affected by the preload changes as opposed to the constant damping assumption while all other parameters are kept the same. Figs. 8(a-c) and 9(a-c) respectively, we observe that the peak magnitudes at all modes decrease with increasing axial preload as opposed to the previous case. The peak amplitudes corresponding to light preloads (such as 1 kN) are considerably elevated; whereas they are reduced for heavy preloads (such as 20 kN). Another observation here is that even though the natural frequencies do not show significant variations, the shapes of the peaks are considerably altered when compared with the viscous damping mechanism described by Eq. (12) . Since the damping characteristics of rolling element bearings are not very well understood, numerical consideration of these alternate damping mechanisms is important as it will assist us to interpret damping behavior of the experimental results as discussed in the following section.
EXPERIMENTAL STUDY
Experimental Setup
A test setup composed of an automotive wheel-hub assembly, shown in Fig. 10 schematically, is designed to experimentally analyze the effects of bearing preloads. The shaft is supported by a wheel bearing, which is a double row angular contact ball bearing with back-to-back arrangement. The bearing housing (the knuckle for this case), is rigidly clamped to a pedestal that is rigidly connected to the ground. The experiment is conducted at static conditions to avoid any rotational effects that have been well studied by several authors [22] [23] [24] . The bearing is initially unloaded in the axial direction. The initial radial preload is given in terms of radial clearance that is between 0 and -30 m μ (note that this negative clearance defines a displacement preload); which creates some uncertainty on the initial radial preload. Additional bearing preloads are applied via the following mechanisms.
1. Axial preload: Applied through the shaft by tightening the nuts at both ends of threaded rod inside the shaft that can be seen in Fig. 10 . The applied load is measured with a washer type load cell that is placed between one of the nuts and flange on the shaft.
2. Radial + moment load: Applied as a static shaft load using a hydraulic jack that is placed on a stable base as shown in Fig. 10 . The applied radial load, which is carried by the wheel bearing, essentially imposes a moment load on the bearing as well. The amount of preload is measured with a button-type load cell attached at the top of the jack.
An impulse hammer test has been conducted at various axial and radial preloads and accelerance measurements are taken for numerous impact and accelerometer locations. In these measurements the angular position of the shaft (and essentially the bearing) are kept the same for all preloads. In this paper we will present sample results for the case when a triaxial accelerometer is attached right end of the shaft and the impact is on the left end of the shaft in axial direction (as illustrated in Fig. 10 ). 
Effects of Axial Preload
Axial preloads ranging from 0.45 kN to 2.67 kN have been applied with 0.22 kN increments, and the accelerance data have been collected at each preload. These preloads are within ± 0.05 kN error margin as it is not possible to apply an exact amount of preload with the explained nature of preloading.
Typical accelerance magnitude measurements are plotted in Fig. 11 up to 4000 Hz for all preloads. The first natural frequency, which is magnified in Fig. 11(b) , shifts gradually from 660 Hz to 810 Hz as the applied preload increases from 0.45 kN to 2.67 kN. Also the peak magnitude of this mode significantly reduces with increasing axial preload, which has a resemblance to the proportional damping case discussed in the previous section. We can observe another mode around 900 Hz, with much lower amplitudes and shifts slightly towards right with increasing axial preload.
Another vibration mode can be observed around 1620 Hz. Although this mode does not exhibit a considerable frequency shift, its amplitude is significantly attenuated with an increase in axial preload. This mode predominantly corresponds to the axial vibrations of the shaft which is consistent with the illustrative example of section 4. A reduction in the vibration amplitude can be explained by the fact that a high preload overcomes the axial clearance within the bearing and consequently does not permit axial vibrations of the shaft. Conversely, when axial preload is low, high amplitude vibrations seem to occur due to a higher clearance.
The next resonant peak shifts from 1890 Hz to 2120 Hz when axial preload is increased from 0.45 kN to 2.67 kN. This mode represents a combination of tilting motions of the shaft and radial vibrations. Note that at lower preloads, more than one peak is seen in this frequency range. The amplitude at this mode also attenuates with increasing preloads and totally diminishes for preloads higher than 2.22 kN. Measurements described so far seem to suggest an increase in the damping ratios with increasing axial preload which is similar to the proportional damping case described by Eq. (13) . The largest peak of the system starts at 2400 Hz for 0.45 kN of preload and shifts gradually towards 3500 Hz as the axial preload increases. However the vibration amplitudes of this mode significantly increases with increasing preload as opposed to previous modes, showing a resemblance with the first damping mechanism considered in our numerical example. This peak reaches its maximum amplitude when the preload is 2.00 kN, and then starts to decay in amplitude for higher preloads without a significant frequency shift. This shows that the accelerance curves start to show some deviations from the general trends at excessive axial preloads.
Effects of Radial + Moment Load
The effects of radial preloads (+ bending moments) is investigated following the same procedure. Before the application of the radial preload, the axial preload is set to 2.67 kN, which is significantly affected by the applied radial + moment load. A radial preload ranging from 0.89 kN to 4.44 kN is applied with 0.44 kN increments, and the accelerance data is collected utilizing the same impact and accelerometer locations. Fig. 12 illustrates the accelerance magnitude spectra at each radial preload. The shifts in the transfer functions show a very clear trend with increasing preload, however the direction of the shifts are different for each mode.
A unique characteristic of this case is that the first mode, which occurs in the 600-800 Hz range, is shifting towards left instead of right, showing a reduction in the resonance frequency with increasing radial load. This unexpected behavior could be caused due to a relief in the axial preload when the bending moment is simultaneously imposed on the bearing. Other modes do not display this behavior as they shift towards right with increasing radial load due to an increase in the stiffness coefficients as expected. The second mode, which was not very obvious in previous axial preloading case, now occur around 1200-1300 Hz with considerable amplitudes that are increasing with increasing radial load as opposed to the first mode. The axial vibration mode now occurs around 1500 Hz, within a much narrower band and the trend of the shift is towards right and down with increasing radial load. A combination of tilting and radial (translational) mode occurring within 2000-2500 Hz band now shifts right and upwards with increasing radial load. Some of the observations from preliminary experimental studies could be summarized as follows:
• Changes in the system preloads result in clear shifts of the accelerance spectrum due to changes in the stiffness and damping characteristics of the system. These shifts could be utilized in preload monitoring applications.
• These shifts display a mode-dependent behavior. In general, as the preload increases the resonance frequencies of the shaft-bearing system shifts towards right due to the increase in bearing stiffness elements. However, the first mode of the system does not obey this generalization when the system is radially preloaded.
• The vibration amplitudes of certain modes attenuate, whereas the others amplify with increasing axial or radial preloads. This suggests a mode-dependent damping mechanism. Such complicated damping characteristics of the rolling element bearings would require further investigation.
CONCLUSION
The effects of bearing preloads on the vibration characteristics of shaft-bearing systems with double row angular contact ball bearings have been analyzed in this study. First, the effects of axial preloads are numerically investigated on a shaft-bearing assembly containing a double row angular contact ball bearing. In these analyses the bearings are represented as five dimensional stiffness elements (with associated damping) through an extension of the stiffness matrix concept described by Lim and Singh [8] . Second, the vibration characteristics of face-to-face, back-to-back and tandem arrangements are evaluated on a comparative basis. Analyses show that the resonant frequencies of back-to-back arrangement that are related to radial and tilting vibration occur at higher frequencies due to its larger moment stiffness terms. Similarly, the axial vibration frequency of the tandem arrangement is higher than the other two configurations due to its high axial stiffness. Third, two different damping mechanisms are investigated in this study. The first one is a viscous damping matrix which kept constant for all preloads resulted in increasing vibration amplitudes with increasing axial preload. The second one is a proportional damping case, which resulted in reducing vibration amplitudes with increasing preload.
The dynamic effects of bearing preloads are then experimentally investigated for a wheel bearing assembly containing double row angular contact ball bearings (with backto-back arrangement) under two different preloading mechanisms. First, studies are conducted under axial preloads; then radial + moment loads are applied. It is observed that each vibratory mode responds differently to the changes in axial or radial preloads.
The current efforts include development of a preload dependent dynamic model of the experiment based on these measurements. Initial efforts are very encouraging as they are able to accurately estimate the natural frequencies. Also experimental modal measurements are in agreement with the numerical model. However, damping characteristics of each mode is yet to be fully understood. Future work should resolve this issue, by employing a frequency dependent damping model, or by using piecewise damping functions.
